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The recent literature offers examples, specific and hand-crafted, of Tychonoff 
, , spaces (in ZFC) which respond negatively to these questions, due respectively to 

V-/ ' Ceder and Pearson (1967) and to Comfort and Garcia-Ferreira (2001): (1) Is ev- 

■ ery w-resolvable space maximally resolvable? (2) Is every maximally resolvable 

, space extraresolvable? Now using the method of ICIV expansion, the authors show 

that every suitably restricted Tychonoff topological space {X, T) admits a larger 
Tychonoff topology (that is, an "expansion" ) witnessing such failure. Specifically 
the authors show in ZFC that if {X, T) is a maximally resolvable Tychonoff space 
\ with S{X,T) < A{X,T) = k, then {X,T) has Tychonoff expansions Li = Ui 

^ ' (1 < i < 5), with A{X,Ui) = A(X,T) and S{X,U^) < A{X,Ui), such that iX,Ui) 

. is: {i = 1) LJ-resolvable but not maximally resolvable; {i = 2) [if k' is regular, with 

I S{X, T) < k' < Hi] r-resolvable for all r < k', but not ^'-resolvable; (i = 3) maxi- 

' mally resolvable, but not extraresolvable; {i = 4) extraresolvable, but not maximally 

resolvable; {i = 5) maximally resolvable and extraresolvable, but not strongly ex- 
[ traresolvable. 

Keyword: Resolvable space, extraresolvable space, strongly extraresolvable space, 
maximally resolvable space, uj-resolvable space, Souslin number, independent family 
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1 Introduction, Definitions and Notation 

Our principal interest is in Tychonoff spaces, i.e., in completely regular, Hausdorff spaces, 
and all spaces {X, T) hypothesized here, also all expansions (refinements) of T con- 
structed, will be Tychonoff topologies. The topological properties we consider, however, 
are intelligible (a wonderful word in this context, borrowed from Hewitt [20]) for arbitrary 
spaces, so in ll.2l below. which defines the properties we consider, we impose no separation 
hypotheses. 
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Notation 1.1 For X a set and r a cardinal, we set [XY '■= {A C X : \A\ = r}. Tlie 
symbols [X]^'^ and [X]-'^ are defined analogously. 

The symbol D{t) denotes the discrete space of cardinality r. 

When X = {X, T) is a space and F C X, we denote by {Y, T) the set Y with the 
subspace topology inherited from X. 

The symbols w and d denote weight and density character, respectively. For a 
space X = (X, T), the dispersion character A{X) is the smallest cardinal of an nonempty 
open subset of X, and nwd(X), the nowhere density number of X, is 

nwd(X) := min{|A| -.ACX, intx clx A ^ 0}. 
Evidently nwd(X) coincides with the open density number of X ^ defined by 

od{X) := mm{d{U) -.(Ji^U eT}, 
which has also been denoted d^^X) [26] . 

As in [8] and [25], a subset D of a space X = {X, T) is r-dense in X if \D nU\ > r 
whenever 7^ t/ G T. It is obvious that if D is dense in a space X with nwd{X) > r, 
then D is r-dense in X. 

{X, T) is crowded if no point of X is isolated in the topology T . (This term, 
introduced by van Douwen [13], has been adopted subsequently by many authors [H], 
[22] . [25] . Others have called such a space dens e-in-its elf 

A family of nonempty pairwise disjoint open subsets of X = (X, T) is a cellular 
family, and 5'(X), the Souslin number of X, is 

S{X) := min{/t : no cellular U C T satisfies \U\ = n}. 

Definition 1.2 Let X = {X,T) be a space. Then X is 

(i) resolvable (Hewitt [20]) if it has two complementary dense subsets; 

(ii) K-resolvable (Ceder [2]) if there is a family of K-many pairwise disjoint dense subsets 
of X; 

(iii) maximally resolvable (Ceder [2]) if it is A (X) -resolvable; 

(iv) extraresolvable (Malykhin [28]) if there is a family D of dense subsets, with \T>\ > 
(A(X))+, such that every two elements of V have interesection which is nowhere 
dense in X; and 

(v) strongly extraresolvable (Comfort and Garcia- Ferreira [1], [S]) if there is a family 
V of dense subsets, with \V\ > (A(X))"'', such that distinct Dq, Di E V satisfy 
\DonDi\ < nwd(X). 

Remark 1.3 In early versions of this manuscript, circulated privately to selected col- 
leagues, we were able to establish item {i = 4) of the Abstract, even its special case 
Theorem 13. 9[ only under the additional assumption that there exists a cardinal r such 
that r < K < 2^. Indeed, although we had shown in [8] the existence of extraresolvable 
Tychonoff spaces which are not maximally resolvable when GCH fails, it was an unsolved 
problem whether such spaces exist in ZFC. That question has been settled affirmatively 
by Juhasz, Shelah and Soukup [27]. We are grateful to those authors for furnishing us 
with a pre-publication copy of their work. 
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Definition 1.4 Let k > u. 

(a) A partition B of partition if eacli B E B satisfies \B\ = k; 

(b) a family B = {Bt : t G T} of partitions B = {Bf : a < Kt\ of k is t- independent 
(with 1 < r < k) if I f]^^p > r for each F e [T]<'^ and / G Ut^p ^^t- 

(c) a family B = {Bt : t G T} of indexed partitions Bt = {Bf : a < Ht} (with 
2 < Kt ^ 1^ for each t G T) separates points [resp., separates small sets] if for distinct 
X, x' G K there are Bt E B and (distinct) a, a' < such that x G -Bf and x' G Bf [resp., 
for disjoint S, S' G [k]^'^ there are Bt ^ B and (distinct) a, a' < Kt such that S C 5" and 

It is obvious that any partition in a ^-independent family (of partitions of k) is 
necessarily db Kj— partition. 

Discussion 1.5 Given a point-separating family B as in Definition 11.41 we denote by 7g 
the smallest topology on k in which each set Bf & Bt & B is open; clearly each such 

Bf is 7g-closed, and {flteF -^Z''*^ • ^ ^ [T]'^'^,f G Utizp K,t} is a basis for 7g. (This is a 
Hausdorff topology since B separates points of k, hence is a Tychonoff topology since it 
has a clopen basis.) The evaluation map : (/«, 7e) ^ ntgT-D(fi;t) given by 

(eBx)( = a z/ X G Bf {x E K,t E T,a < Kt) 

is a homeomorphism from (k, Tg) onto a subspace X of the Tychonoff space K : = 
ntgrD(Kt). That X := eB[K] is dense in K follows from the fact that B is 1-independent. 
Conversely, given K = Ut^r D{nt) with |T| = 2'^ and with 2 < < k for each t E T, 
the Hewitt-Marczewski-Pondiczery theorem (cf. [T6](2.3.15), [Il](§3 and Notes)) gives a 
dense set X C i^' such that \X\ = k, and then the family B := {Bt : t G T} with 
Bt := n X : a < Kt} is a 1-independent family of partitions of k (the set k 

here being identified with the subspace X oi K). One may ensure that each i3f G i3 is a 
K-partition by the following device (here we argue much as in [7] (3.8) and [8] (1.5)): Give 
each space D{nt) the structure of a topological group, so that K is a. topological group, 
let X* be dense in K with |X*| = k, and with (X*) the subgroup of K generated by X* 
let X be the union of K-many cosets of (X*) in K. Then Bf := TTf^{{a}) n X satisfies 
\Bf\ = n for each a < nt, t E T; indeed more generally each basic open set [/ in X (of 
the form U = (HiLi ii'^i})) HX, with ai < Kt^, n < lu) satisfies \U\ = k, so the family 
B is even At-independent, and A(X) = n. 

The correspondence B ^ X just described is of Galois type in the sense that when 
dense X C K = Ut^r D{hit) is given with |X| = n and the family B = {Bt : t G T} is 
defined, then : — K satisfies es[n] = X. 

In this paper in this context, T and {nt '■ t E T} being given, we use the notations 
{k.Tq), (X, Te) and cqIk] interchangeably. 

The point-separating family described in Discussion 11.51 may be chosen to sep- 
arate small sets in a strong sense. Lemma 11.61 which exploits a trick introduced by 
Eckertson [Tl] in a related context, strengthens a statement given in our works [6] and 
[7](3.3(b)). When reference is made, in Lemma [L6] and later, to a partition {T(A) : A G A} 
of T, the trivial (one-cell) partition is not excluded. 
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Lemma 1.6 Let k > u and \T\ = , and forteT let 2 < nt < n. Let {T{\) : A G A} 
be a partition of T , with each |r(A)| = 2". Then there is a ^-independent family I = 
{It : t G T} of partitions of k, with |Xj| = Kt for each t G T, such that for every ordered 
pair {S,S') of disjoint elements of [k]^'^ and for every A G A there are infinitely many 
t G T(A) such that S C and S' C Ji. 

Proof. Let B = {Bt : t G T} be a point-separating /^-independent family of 
partitions of k, with |T| =2'^ and with \Bt\ = Kt for each t G T, as given in Discussion IL5I 
For A G A let {T(A,^) : ^ < 2'^} be a partition of T(A) with each |T(A,.^)| = u, and using 

< 2" let {{S^, S'^) : ^ < 2'^} list all ordered pairs of disjoint members of [k]^'^ (with 
repetitions permitted). Then define X = {It : t G T} with It = {It : a < as follows: 
if t G T(A,0, then 

J° = (5° U S^)\S'^, II = [B] U S'^)\S^, and If = B^\{S^ U S'^) for 2 < a < Kf 
Then each It is a partition of k, and since 

BfAI^ G [k]<'^ (*) 
for each t eT and a < Ht with i3( a ^-partition, so also is each It a ^-partition. Further 
for each pair (5, S') = (5^, 5^ we have S C jo and S' C J/ for each t G T(A, e [^(A)]'^, 
as required. □ 

Definition 1.7 With {nt '■ t G T} and {T(A) : A G A} given as in Lemma 11.61 a 
K-independent family I of partitions of n with the additional property given there is a 
strong small-set-separating family of partitions which respects the partition {T(A) : A G A} 
of T. 

Remark 1.8 Clearly a ^-independent family {It : t G T} of partitions of k, if it respects 
some partition {T{\) : A G A} of T, also respects the trivial (one-cell) partition. Usually 
in this paper we apply Lemma 11.61 only in the context of the trivial partition; in what 
follows, if no explicit reference is made to the partition which a strong small-set-separating 
family of /t-partitions respects, we intend by default the trivial partition. 

The following theorem augments, simplifies and extends arguments given in our 
works |T](3.8) and |8](1.6). As usual when a point-separating family I of partitions of k, 
is given, we do not distinguish notationally between k and the space X := cjIk] (1 K = 
IlteT D{Kt), nor between a set /° G G X and its image ex[J"] in X. 

Theorem 1.9 Let n > uj and \T\ = 2'^, and for t eT let 2 < Kt < k. Then there is a k- 
independent family I = {It : t G T} of partitions of k with the strong small- set- separating 
property, and with \It \ = Kt for each t eT , such that the space 

X ■=ej[K](ZK ■.= I{t^TD{Kt) 
has these properties: 

(a) X is dense in K; 

(b) X is K-resolvable; 

(c) \X\ = A{X) = nwd{X) = k; and 

(d) each S G [X]'^'^ is closed and discrete in X. 
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Proof. Let T := T U {t} with t ^ T, and set Kj := K. Apply Lemma 11.61 with 
{T} the one-cell partition of T: There is a ^-independent family X = {Xt : t G T} of 
K-partitions of k with the strong small-set-separating property, with \It\ = nt for each 
t G T (in particular, with |7j| = nj = n). By the argument given in Discussion I L 51 the set 
X := ex[n] is dense in K := liter D{Kt), so (a) is proved. For F G [T]^"^ and / G Utep f^t 
and each Ij (with a < = k) we have 

|(n,eF/f_^)n/i'| = «: (*) 

since the family I is /t-independent. Relation (*) shows that each set ej[/"] is dense in 
X (thus proving (b)), and it shows also that \X\ = A{X) = k. 

Since X is a crowded space, every closed, discrete subspace of X is nowhere dense; 
so the relation nwd(X) = k will follow from (d). Given S G [k]^'^ and x G n\S, there 
is t G T such that x G 1^ and S C I^-^ since J° and are disjoint and clopen in X, we 
conclude that S is closed. Similarly if x G S* G [k]^'^ there is t G T such that x G 1^ and 
'S'\{x} C so /° n 5* = {x}; it follows that S* is discrete. □ 

Remarks 1.10 (a) In earlier work [8] by a different argument we have demonstrated the 
existence of a K-resolvable dense subset X of some spaces of the form Ut^TD^Ht) with 
|T| = 2'^, even with \X\ = A{X) = nwd(X) = k. (See also [0](5.3 and 5.4) for similar 
results.) The argument of Theorem 11.91 is preferable, both because of its simplicity and 
because it gives in concrete form a family X for which X = ej[K\\ this latter feature is 
essential in the proof of Lemma 13.71 below. 

(b) The case in Definition 11.41 in which there is A G [2, k] such that = A for all 
t G T, together with passage in that case from B to the space (k, Tg) = (X, 7^), has been 
used by many authors in connection with resolvability questions [I3], [Ej, [Zj, [25], [8]. 

2 The ICXV Expansion: Transfer from T to Tjcxv 

Here we explain and develop further the techniques originating in [21], [22]. In broad terms 
the goal, given a crowded Tychonoff space (X, T), is to augment ("expand") the topology 
T to a larger crowded Tychonoff topology Tf^jv in such a way that certain specified T- 
dense subsets of X remain 7^xx>-dense, while certain other subsets of X become closed 
and discrete in the topology T]cxv- 

In Definition 12.21 the transition from T to the Tjcxv-open sets is effected via 
the intermediate sets H^. Their definition depends on the hypothesized dense array V 
and the k- independent family X, but not on the family JC. 

The following notation is as in [7] (3.2). 

Notation 2.1 Let X be a set with |X| = k,> u, and let V = {D'^ : 7 < r, 77 < k} be a 
partition of X with 1 < r < k. Then for S* C k the set X(5') C X is defined by 
X{S) := U{^^7<r,r/GS}. 

Definition 2.2 Let (X, T) be a crowded Tychonoff space with |X| = k > cj, fix nonempty 
Z C X, and let X = {Xt : t G Z x 2*^} be a point-separating k- independent family of par- 
titions of K with Xt = {/" : a < Ht}, 2 < /tj < k for each t & Z x 2'^. Let 1 < t < k and 
V = {D"^ : 7 < r, ?7 < be a partition of X, and for t G x 2^ and a < nt set 
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:= X(Jf ) = U{/^^; : 7 < r, e Jf }. 
Let /C = {JsTg : ^ < 2''} C V{Z), and for t = (x, e Z x 2^^ and a < Kt define 
as follows: 

If = 0, then W," = i/f . 

If ^ 0, then 

iyo = (ifOuA'5)\{x}, 

= iHl\K^) U {x}, and 
VF^" = i/f U {x}) for 2 < a < Kf. 
For each t G Z x 2^" set 

Ht := {i^r : a < and Wt := {VTf" : a < Kt}, 

and set 

n:= {Ht-.t E Z X 2'^}, and W := {Wt : t G Z x 2'^}. 

Then 

is the smallest topology on X such that T C T-^^ and each Tit C T-^^, and 
TycjD, the K.2V expansion of T, is the smallest topology on X such that T C 7^jx> 
and each C T/civ- 

Remarks 2.3 (a) The indexings V = {DJ^ : 7 < r, r/ < k} and X = {J* : t G Z x 2'"} in 
Definition 12.21 are faithful. No such restriction is imposed on the indexing JC = {K^ : ^ < 
2'^}. Indeed in some of the applications we will have = ^ for many ^ < 2*^. 

(b) For t G Z X 2** the family Tit is a partition of X into T-^-^-open subsets, so 
each is T-^-^-clopen. Similarly, since for t E Z x 2'^ the family Wt is a partition of X 
into Tjcxxi-open sets, also each is 7/(;xx5-clopen. It then follows, as is required of every 
topology hypothesized or constructed in this paper, that: 

(c) Each space of the form (X, T-^^), and each space of the form {X,Tjciv), is a 
Tychonoff space. 

(d) the topology %cxv depends not only on the families /C, X, and V, but also 
on the choice of the nonempty set Z C X. Our notation does not reflect that fact. No 
confusion with ensue, indeed in (nearly) all the applications we take Z = X. Briefly in 
Theorem 13.81 we will invoke the general theory in the special case \Z\ = 1. 

To avoid irrelevancies we gave Definition 12.21 in uncluttered language, but in fact 
we will use the expansion Tjcxv only when the following additional conditions are sat- 
isfied. Except when noted otherwise, we assume these henceforth throughout this Sec- 
tion. Furthermore when families X, V and /C have been constructed or hypothesized and 
EXt eI, it is understood that the sets and VT" are defined as in Definition 12.21 

Standing Hypotheses and Notation 2.4 

(1) \x\ = ^{x,r) = K- 

(2) the indexed family P is a dense partition of (X, T), and := U»;<k 

7 < r; 

(3) the family X = {If : t E Z x 2'^} has the strong small-set-separating property; 

(4) if F G [2^]<'^ then [j^^^ E IC; and 

(5) C < 2^^, 7 < r ^ mt(^D-',riT'){K^ n D^) = 0. 
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Lemma 2.5 [With the conventions of 12.21 and 12.41 

Fix '-f < T and ^ < 2'^. Then 

(a) is dosed in {Z, T/civ); 

(b) {K^,Ticiv) is discrete; and 

(c) z/0 ^ f/ G T, H = n^ei. i^/^*^ and W = f]^^^ W/^*^ with F e [Z x 2^]<^ and 
f e Ut^F ^t, then \D^ nU r}H\ = \D^ nU r}W\ = k. 

Proof, (a) If X G Z\K^ then with t := {x,C,) we have x G G Tycj© and 

n = 0. 

(b) If X G then with t := (x, ^) we have VT^ G T^/d and IV/ fl A"^ = {x}. 

(c) Let / := C\ p Since X is k- independent we have \I\ = k. For each rj G I 
the set D'^ (1 H contains the set D^; since the sets D'^ {rj G /) are pairwise disjoint, each 
dense in (X, T), we have 

K = \x\>\D^ nu nH\>\i\ = K. (*) 

It remains to show that \D'^ fl f/ r\W\ = hi. First, set 

K := U(.,oeF and L := U(.,oeF ^ ^ 
and note from (4) and (5) of 12. 41 that int(£)7 7-ix>)(-D''' fl K) = 0, hence also 

int(B^,rii.)(D^ n L) = ' (**) 

(since {D"' ^T^^) is crowded). 

Now let A := {D^\L)f\{U nH). Since n t/ H D A, it suffices to show |A| = k. 
If A G [X]<'^ then, writing S" := {r/ < k : A n 7^ 0}, we have \S\ < \A\ < n, so by 
[23^3) there is te {Z x 2'')\F such that S C J5; then S H Ji = and hence A n i^i = 0. 
Then with 

/ := / U {(J, 1)} G n^gfum and 

H ■■= PiteFu^t} hI^'^ = HnHlen 

we have = A n i/i = (/^^VL) n {U n H) n Hf = {D-'XL) n{UnH) and hence 

n L D (D^ n L) n {u nji) = u [(D^ n L) n {u n #)] 
= [p^VL) r^(pr^ H)] u [(D^ n L) n (f/ n H)] 

= D^ nunH^ ^ (***) 

By (*) applied with H replacing H, the set D'^ fl t/ fl if is a nonempty T-^^-open subset 
of DT, so (***) contradicts (**). □ 

Corollary 2.6 [With the conventions of [2]2]and[2]4l] 

(a) {D"',T-^^) is crowded, and D^' is dense in {X,T-^^); 

(b) {D'^jTiciv) is crowded, and D'^ is dense in (X, T/cjd); and 

(c) A{x,r^^) = A{x,rjciD) = A(x,r) = k. 

Proof. The inequalities A(X,r^^) < A(X,T) = k and A{X,r,civ) < A(X, T) 
= K of (c) follow from the inclusions T C 7"2:x> ^^^^^ ^ ^ Tjqxvi and all else is immediate 
from Lemma [2.51 □ 

It is easily seen that each infinite (Hausdorff ) space (X, T) contains an infinite cel- 
lular family, hence satisfies ^(X, T) > cj^. According to a result of Erdos and Tarski [T7] 
(see also [II](3.5), [T2](2.14)) every infinite Souslin number is regular. That allows us to 
compute exactly numbers of the form S'(X, Ticiv) in terms of the number S'(X, T) and 
the family {k* : t G Z x 2'"}. 
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Lemma 2.7 [With the conventions of 12.21 and 12.41 

S{X, Tjcjv) is the smallest regular cardinal n' such that 

(i) k' > S{X,r), and 

(ii) teZx2''^K'> K^. 

Proof. From T C T/civ follows S{X, T) < S{X, T/civ)- Further for t G Z x 2*^ the 
family {W^ : a < k^} is cellular in {X,Ticix>), so S{X,T]qxv) > i^t ■ Since S{X,T/cid) is 
regular by the cited theorem of Erdos and Tarski, we have S{X, T/^jv) > 

Suppose now that {f/^ fl W,^ : ( < k'} is a faithfully indexed cellular family of 
r^ji,-basic open subsets of X; here G T and = f]^^p^ H/'/^^*^ with e [Z x 2^]<'^, 

G UteF^ f^t, Vr/''''*^ G W. Since {F(^ : ( < k'} is a family of finite sets indexed (not 
necessarily faithfully) by the regular cardinal k', there are A G [k']^' and a set F such 
that F(;^ n F^, = F for every pair {Co,Ci} ^ [^]^- (See [n] or [12] or [24] for proofs and 
bibliographic commentary on this theorem, its special cases and generalizations.) Since 
|F| < uj and f({t) < Ht < i^' for each ( E A and t E F, there is i? G [A]'^ such that 
/^^(t) = /^^(t) for all Co, Ci e 5 and t G F. We define 
/ : F^, U F^^ ^ U^^^^^^^^^ Kt 

by 

r /coW = /ciW if teF ] 
f{t)={ fcoit) if tGFc,\F }. 

[ fcAt) if tGFcAF J 

(More succintly: / = /co|F^q U /^JF^^.) Then since S{X,T) < k' = \B\ there are distinct 
Co, Ci (henceforth fixed) in B such that f/^g fl t/^^ 7^ 0. 

Then H(^^ fl //^^ = HteF uf -^Z''*^ ' ^'^'^ (using (c) in Lemma 12. 5p we have 

0^(/Jcon//ci)n(f/conf/cJeT^^. 

Now choose and fix 7 < r, and (arguing much as in the proof of Lemma [2.5( c)) set 

K := U(x,OeF,,uFc, and L := J^^^^^^^^^^^^^ {K^ U {x}); 
then K G /C hy^M.A) and F)T\i^ is dense in the crowded space (F)^,T^^) by [231(5), so 
D"'\L is also dense in [D'^ ,T-^^), hence also in {X,T-^^) by Corollary 12.6( a). Then 

(z^A^) n (i/co n i^cJ n (f/c, n f/cJ ^ 0, 

so 

(DA^) n (W^co n w^ci) n (t/co n f/cJ 7^ 0, 

contrary to the condition (W^^ n f/^J H (H^^, H t/^J = 0. □ 

Discussion 2.8 The method of JCXV expansion was introduced in [21] and was used 
in [22] to give the existence, assuming Lusin's Hypothesis, of (^-resolvable Tychonoff 
spaces which are not maximally resolvable. The present authors have used the method 
subsequently [Z], [Sj to find and construct explicit spaces with some of the properties 
given in the Abstract. Arguments with some similar features were found independently 
and exploited by Juhasz, Szentmiklossy, and Soukup [25] ; we note that [25] was submitted 
to the journal of record before [8] was submitted, furthermore the date of publication of 
[25] precedes that of 
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The principal thrust of the present paper is this: Not only do specific spaces 
(constructed as in [21], [22], [7], [25], [8]) exist with the properties listed, but indeed every 
crowded Tychonoff space subject to minimal necessary conditions admits such Tychonoff 
expansions. 

Definition 2.9 [With the conventions of 12.21 but with /C not yet defined.] Let Ai = 
{Mj : ^ < 2^} C V{Z) with Mq = 0. Then M = {iwj : ^ < 2''} is defined as follows. 
Mo = 0, and_^ 

if < ^ < 2^^ and has been defined for all ?7 < then 

= if each set of the form 
{M^UM^,UM^,U---U M^J nD^ {m<u,r]i<^,-f < r) 
has empty interior in the space {D'^,T-^^), 

= otherwise. 

Lemma 2.10 Let Y be a crowded (Hausdorff) space and let E = |Jj<„ Ei CY with each 
Ei discrete, m < u. Then inty E = ^. 

Proof. This is clear when m = 0. Suppose it holds for m = k and let E = 
Ui<fc+i Ei C Y with each Ei discrete. Suppose for a contradiction that there is p G 
inty i?, say with p G Ek+i, and find open [/ C "K such that U fl E^+i = {p}. Then 
([/flinty E)nEk+i = {p}, so IJi<fc contains the nonempty open set {U flinty E)\{p}. □ 

Theorem 2.11 [With the conventions of Oaiid[23n)> (2), (3).] 

Let M = {M^ : ^ < 2^^} = V{Z) and let K := M = {M^ : { < 2^}. Then 

(a) /C satisfies conditions (4) and (5) of \2A[ 

(b) ifX<2'' and int(D7,rKiD) (^f H D^) = for all 7 < r, then Mj = Mje K; 

and 

(c) each space {D"' H Z, Tjcxv) is hereditarily irresolvable. 
Proof, (a) is obvious. 

(b) Fix ^ < 2^^ and 7 < r, and let r/o, ^1, ■ ■ ■ < 7^ e ^ and H = Htgj^ ^/^*^ 
with F G [Z X 2'^]<'^, / G Ut^F f^t- We must show that if mt(^D^^T^^^){M^r] D"/) = for all 
7 < r, then 

int(,5.,rii')((iV% U U M,, U . . . U M^„) n D^) = 0. (*) 
Writing W = f]^^^ W/^*\ we have, since D^\M^ is dense in (D^, T/cxv) and ^ [/ f G 
Tjcxv, that 

Y := {D^\M^) n{UnW) is dense in {{D^ H ([/ H W)), T^xv)- 
Further since {D'^ H ([/ f W),T]cxv) is crowded, its dense subset {Y,T]cxv) is crowded. 

We have W\H C L := U(x5)gf(-^5 {^})' with L the union of finitely many 
discrete subsets of {Z,Tjcxv) ^ {X.T/cxv)- Each M^^ G /C is also discrete in {Z,Tjcxv) ^ 
{X,Ticxv), so from Lemma [2.101 it follows that the set Y\{[J-^^ M^i- U L) remains dense 
in (D^nUn W, Ticxv), and (*) follows. 

(c) Suppose for some 70 < r there are ^0 < and nonempty S C D^^^ H Z such 
that Af^Q C S* and both M^^ and S\M^g are dense in {S,Tj(;,xv)- From int(5'^rx;iE')^5o = 
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it follows that int(£i7o,TK/D)^%) — i^^(£'^,7k/D)(^5o — ^ ^^r each 7 < r. From 

(b) we then have M^^ = M^^ e /C, so by Lemma [231 (a) the set M^^ is closed in (Z, T^x©) 
(hence in (S*, Tj^jv))] this contradicts the density in (S*, T^id) of both M^q and S\M^q. □ 

3 The /CXr> Expansion: Applications 

We begin this Section by proving (the case \X\ = A(X) of) our principal theorem (cf. 
item (i = 1) of the Abstract). The result is in the tradition of the several papers listed in 
the Bibliography which respond to the Ceder-Pearson question (Is there an tu-resolvable 
space which is not maximally resolvable?), but this has a different flavor: Not only can 
examples of such spaces be constructed by ad hoc techniques, but indeed every (suitably 
restricted) cj-resolvable Tychonoff space admits a Tychonoff expansion U such that {X, lA) 
remains cj-resolvable but is not maximally resolvable. For remarks intended to justify or 
to explain the special hypothesis "S'(X, T) < in Theorem 13. 11 see Remark 15.31 below, 
where it is noted that in some settings where S{X^T) < \X\ fails, cu-resolvability implies 
maximal resolvability. 

Theorem 3.1 Let X = {X, T) he a crowded, u -resolvable Tychonoff space with S{X, T) < 
\X\ = A(X, T) = K. Then there is a Tychonoff refinement U ofT such that 

(a) S{XM) = S{X,r) andA{X,U) = A(X,r); 

(b) {X,IA) is (jj -resolvable; 

(c) {X,U) is not maximally resolvable; and 

(d) {X,U) is not S{X,T) -resolvable, if {X,T) is maximally resolvable. 

Proof. If {X, T) is not maximally resolvable the conditions are satisfied with 
U := T, so we assume in what follows that {X, T) is maximally resolvable. 

Let V = {D^ : r] < K,,n < uj} he a. faithfully indexed dense partition of (X, T), and 
set := U^<^ for n < lu. Take Z = Xin Definition O and let J = {Xf : t e X x 2'^} 
be a K-independent family of partitions Xj of X with the strong small-set-separating 
property given by Lemma [1. 6 j for simplicity we take = 2 = {0, 1} for each t E X x 2^^. 

Let M = {M^ ■.^<2^} = V{X), and define K := M as in Definition EH We will 
show that U := T/civ is as required. 

(a) The equality A{X,Tjc2v) = A(X, T) is given by Corollary 12.61 while S{X, 
Tjcxv) = S{X, T) is immediate from Lemma [2171 (using the regularity of S{X, T) and the 
fact that Kt<u) <u}+ < S{X, T) for each t e Z x 2^). 

(b) According to Corollary 12.6( b). the disjoint sets {n < oj) are dense in 

(c) and (d) Suppose there is a family £ of pairwise disjoint dense subsets of 
{X,Tjcx-d) such that \S\ = S{X,T). Note then that for some E E S we have 

intpu -7-^^^)(D'^ n E) = for each n < u. (*) 
(Indeed otherwise we may argue as in [22](2.3), [7], [8](3.1(c)): choosing for each E E £ 
some n{E) < uj such that 

iiit(D"(-),r,,,)P"(''^ni?)^0, 
we have from Lemma [2.71 and the regularity of ^(X, T) = SiX^T^ozv) that some (fixed) 
n < uo satisfies 
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mt(Dn,r^^^)(Z}" n ^ for S{X, T,civ)-manj E E £; 
that gives S{D"-, Tjciv) > S{X, T/cm), which is impossible since is dense in {X, Tj^iv)-) 

Then choosing G £^ as in (*), we have from Theorem 12.11( b) that E E JC, so E 
is closed and discrete in the crowded space {X,Tk:id) by Lemma [2751 (a) and (b)). This 
contradicts the density of E in (X, T/cid)- D 

Remark 3.2 The choice < k, for all t G X x 2^^ in (the proof of) Theorem 13.11 is 
essential. If = k is permitted for some t then the refinement U = T/cjv satisfies 
conditions (b) and (c), but as noted in the first paragraph of the proof of Lemma [2.71 we 
would now have S{X, T/cid) = k'^ > S{X, T). 

As is indicated in its proof, Theorem 13.11 is of interest only when the given space 
(X, T) is maximally resolvable. So viewed, the case k' = S{X, T) of the following result 
(cf. item {i = 2) of our Abstract) strengthens and improves Theorem 13.11 

Theorem 3.3 Let X = {X,T) be a crowded, maximally resolvable Tychonojf space and 
let k' be a regular cardinal such that S{X,T) < n' < \X\ = A{X,T) = k. Then there is 
a Tychonojf refinement U of T such that 

(a) S{XM) = ^' and A{X,U) = A(X,r) = k; 

(b) {X,l/() is T-resolvable for each r < n' ; and 

(c) {X,l/() is not K,' -resolvable. 

Proof. [Being K-resolvable, the space {X, T) is surely /t'-resolvable, so in this case 
the topology U will of necessity be a strict refinement of T.] 

Let A be the set of all cardinals r such that 2 < t < n', and let {nt : t E T = 
X X 2^^} list the elements of A with each r G A appearing 2'^-many times. For r G A set 
T(r) := {t E T : Kt = r}. According to Lemma [1. 6 [ there is a strong small-set-separating 
family k- independent family X = {X^ : t G X x 2"} of partitions of k which respects the 
partition {X(r) : r G A} of T. 

We note that k' = sup^g^^ hif. 

Let V = {D^ : n < cu, ?7 < k} be a dense partition of (X, T), and as usual set 

Take /C as in Theorem 12.111 and set U := T^qxv (with Z = X). We show that U is 
as required. 

(a) The equalities A(X, 7x:jd) = A(X, T) and S{X,Ticjv) = f^' are given by 
Corollary 12.6( c) and Lemma [2.71 respectively. 

(c) The argument showing that the space (X, Ticxv) of Theorem 13.1( c) is not 
S'(X, 7/(;/£))-resolvable (i.e., is not ^'-resolvable) applies here verbatim to prove (c). 

(b) Let A = {An : n < cj} be an arbitrary countable dense partition of the space 
(X, Tjcjv)- Fix r < n', let t{n) (n < u) he a. faithfully indexed sequence from X x 2*^ such 
that K,t{n) = T for each n < u, and for n < u and a < r set 

Each set E'^ is nonempty, and by Remark 12.31 (b) each is Ty^jp-clopen. Now define 

E'' ■■= [Jn<JK An) («<r); 
we will show that {E" : a < r} is a dense partition of (X, T/cjv)- 
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Suppose there is x G E" fl E"'' with a, a' < r. Then there are n,n' < u such that 

xeiE^n An) n (E^: n A„0 c a„ n A,,, 

so n = ra' and from x G -E^ fl -E" C Wj!^^^ fl W^f^n) we have a = a', as required. 

To see for (fixed) a < t that E°' is dense in {X,Ticiv), let U nW E T/cid with 
^ t/ G r and with = HteF ^/^*^ ^i^h F G [X x 2'^]<'^, / G njgi.Kj. We assume 
without loss of generahty, replacing W hj a. smaller set if necessary, that some t{n) G F; 
and further with m := max{?7, : t{n) G F} that n < m ^ t{n) G -F. It suffices to show 
that {U n W) n 7^ for some n, for then (from the density of An in (X, Tjcxv) and the 
fact that i?" is open in {X,%zxv)) it will follow that 

([/ n ly) n D ([/ n w^) n (E° n A„) = ([/ n n E^) n A„ 0. 

Case 1 . Some n < m satisfies f{t{n)) = a. Then, choosing minimal such n, we 

have (D ^unw cw c E^,so {u nw) = unw y^^. 

Case 2 . Case 1 fails. Then defining / := /U{(t(m + 1), a)} we have W^nl^^'^^^y C 
-^t(m+i)' ^'^'^ Lemma [23]^c) gives 

^ f/ n (ly n H^-^^,)) n E-^,,,) c (f/ n w^) n (e;^^,). □ 

Remarks 3.4 (a) According to Theorem 12. 51 the family {D^ : < cj} is a dense partition 
of {X,Ticiv)- We note that the construction just given parlays an arbitrary countable 
dense partition A = {An : n < cj} of (X, T^jx,) into a dense partition of (X, T^jx)) of 
cardinality r. It is not necessary to assume that A = {D"- : n < a;}. 

(b) The argument of Theorem 13.3( b) closely parallels our proof in [H](4.2) that an 
u;-resolvable, dense subset X of a space of the form {D{k))^ is necessarily K-resolvable 
(i.e., is maximally resolvable in case A(X) = k). That theorem, surprising to the authors, 
helps to explain the difficulty encountered over the years by many workers attempting to 
answer the question of Ceder and Pearson [3]: Is every w-resolvable space maximally 
resolvable? 

(c) It should be noted that a dense subspace of a space of the form {D{k))^ need 
not be cu-resolvable. Indeed in [8] (2.3) we show that for every n > u there is a dense set 
X C (Z}(k))^'" such that \X\ = A{X) = k, no subset of X is resolvable, and every dense 
subset of X is open in X. See also [T](2.3), |6](5.4) and [25](4.1) for parallel results in the 
space {0, 1}^". 

(d) A propos of (b) above, we note that other criteria sufficient to ensure maximal 
resolvability have been established by other authors. For example, years ago Pytke'ev [3T] 
showed that every /c-space, also every space X for which the tightness t{X) satisfies 
t{X) < A{X), is maximally resolvable. More recently, denoting by ps(X) the smallest 
successor cardinal such that every discrete set S" C X satisfies 15*1 < ps(X), Pavlov 
showed that every Ti-space such that A(X) > ps(X) is maximally resolvable. That 
theorem was strengthened in two ways in [26] : No separation hypothesis on X is required, 
and maximal resolvability of X is established assuming only A(X) > ps(X). 

Our proof of Theorem 13.31 rests on the conventions of Section 2, and uses crucially 
the (strong) hypothesis that {X, T) is maximally resolvable. That hypothesis can be 
weakened to the assumption that {X, T) is ^'-resolvable, with k' regular and S{X, T) < 
k! < \X\ = A{X,T) = K, provided that the equality 2'^ = 21^' is assumed. Indeed 
the argument given in the proof of Theorem 13.31 shows that U := T/cjv has properties 
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(a), (b) and (c), with T) = {D"^ : n < uo^t] < n'} a dense partition of (X, T), with 
T = {It : t G X X 2"^'} a strong small-set-separating, /t'-independent family of partitions 
of k' , and with /C = 7W as in Definition 12.91 with Z = X. We do not know in ZFC whether 
the hypothesis of Theorem 13.31 can be weakened. Specifically we ask: 

Question 3.5 Let X = {X,T) be a crowded Tychonoff space and let k' be a regular 
cardinal such that S{X,T) < n' < \X\ = A{X,T) = n and {X,T) is r-resolvable for 
each r < k,'. Must there then exist, in ZFC, a Tychonoff refinement U of T such that 

(a) S{X,U) < k' (perhaps even: S{X,ll) = S{X,r)) and A(X,W) = A{X,T) = 

k); 

(b) {X,U) is r-resolvable for each r < k'; and 

(c) (X, W) is not ^'-resolvable? 

Of course. Question 13.51 is of interest only if {X, T) is itself /t'-resolvable, since 
otherwise U := T would be as required. 

Next we prove item {i = 3) of the Abstract for the case |X| = A(X). 

Theorem 3.6 Let X = {X, T) be a crowded, maximally resolvable Tychonoff space with 
S{X,T) < \X\ = A{X,T) = K. Then there is a Tychonoff refinement U ofT such that 

(a) S{X,U) = S{X,r) and A{X,U) = A{X,T); 

(b) {X,U) is maximally resolvable; and 

(c) (X, W) is not extraresolvable. 

Proof. We invoke the conventions of 12.21 and 12.41 now taking t = k. 

Let V = {D'^ : ?7 < K, 7 < k} be a faithfully indexed dense partition of (X, T), 
and set D'^ := U,,<k -^r? 7 < k. Let X = {Xt : t G X x 2**} be a ^-independent family 
of partitions 2t of X with the strong small-set-separating property; for simplicity we take 
Kt = 2 = {0, 1} for each t G X x 2^^. ^ 

Let M = {Mi: ■.^<2^} = P(X), and define IC := M as in Definition EH (taking 
Z = X). We will show that U := 7x;xd is as required. 

(a) The equality A{X,Tjcix>) = A(X, T) is given by Corollary 12.61 while S{X, 
TfQxv) = ^(X, T) is immediate from Lemma I^Tl (using the regularity of ^(X, T) and the 
fact that Kt<uJ <u+ < S{X, T) for each t G Z x 2'^). 

(b) According to Corollary 12.6( b). the disjoint sets D'^ (7 < k) are dense in 
(^, Tk.iv)- 

(c) Suppose there is a family £ of dense subsets of (X, Tjcjv), with \S\ = such 
that every two elements of S have intersection which is nowhere dense in (X, T/cjd). We 
claim that, much as in the proof of Theorem 13.1( c). there is E E S such that 

int(D7,rKij,)(£'^ n E) = for each 7 < k. (*) 
For if (*) fails then some (fixed) 7 < k satisfies 

int(D7,rK:ix,)(-D''' fl -E) 7^ for K^-many E E S, 
and then since S{D'^ ,Ticjv) = S{X,Ticid) = S{X,T) < k there are distinct E,E' E £ 
such that 

^ [int(z,.,r,,,)(/^^ n E)] n [intp.,r,,,)(D^ n E')] = int(z,.,r^,,)(i^^ nEn E'). 
Then with 7/cxi?-open [/ C X chosen so that (lU = mt(Di,T^j:'p)i^'^ H E H E') 
we have 
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ckx,r^,^){EnE'), 

contrary to the fact that E (1 E' is nowhere dense in [X^Tkhv)- Thus (*) is estabhshed. 

Then, choosing G £^ as in (*), we have from Theorem 12. 11( b) (apphed to the set 
= E) that _E e /C = A^, so by Lemma [275r (a) and (b)) the set E is closed and discrete 
in the crowded space (X, 7x;/d)- This contradicts the density of E in (X, T^jx))- D 

We turn next to estabhshing items {i = 4) and {i = 5) of the Abstract for the 
case |X| = A(X). As expected, refinements of the form U = Tjcjv play a central role; 
it is necessary only to tailor in each case the specifics of the families JC, X, and V to the 
task at hand. But in Theorem 13.101 the process is iterated: a first expansion T' D T 
satisfies nwd(X, T') = k, a second expansion T" D T' is maximally resolvable but not 
extraresolvable, and a final expansion (of the form T"-^^, not Tj^jx)) has all required 
properties. 

For the proofs of (the case \X\ = A(X) of) items {i = 4) and {i = 5) of the 
Abstract, we need two preliminary lemmas. A weak version of Lemma [3.71 is proved in 
our work [7] (3.9). A strictly combinatorial proof exists, but it is lengthy; we give instead 
an argument which uses the topological constructions already at our disposal. 

Lemma 3.7 Let t > u. There exist families A = {A^ : ^ < 2"^} and Ser ^ V{t) such 
that 

(i) A is a T -independent family of partitions ofr with the strong small-set-separating 
property, with each A(^ E A of the form A^^ = {A^, A^}; 

(ii) \Ser\ = 

(iii) if n < 00 and S, Si, 5*2, .. . Sn are distinct elements of S^r and A = f]^^p A^*-^"* 
with F e [2^]<'^ and f e {0, 1}^, then \A n {S\{Si U ^2 U . . . U 5„))| = r; and 

(iv) if S, S' G Ser with S S' then (a) for each x E t\{S H S') there are infinitely 
many ^ < 2"^ such that x G and S H S' C A'^; and (b) for each x E S H S' there are 
infinitely many ,^ < 2^ such that {S fl 5") H A^ = {x}. 

Proof. Let JT" U £ U {V} be a r-independent family of partitions of r, where 
J' = {J'^ : ^ < 2"^} is chosen (as in Theorem 11.91) so that the space 

Y = (y, T) := ej[T] C K := {0, 1}^ = {0, 1}^^ 
has properties (a), (b), (c) and (d) of Theorem II. 9[ We take \J'\ = \C\ = 2'^, say 
J = {J^ ■ ^ < 2^} and C = : C < 2^}, and we take each J"^ G J' of the form 
= { jo, J|} and each G £ of the form = Lj}. 

We write V = {D;^ : 7 < r, r/ < r}. 

The families A and Ser will be defined with the help of a suitable expansion Tjcid 

of r. 

The family T> has already been defined, and for X we choose an arbitrary r- 
independent family I = {Xt : t G y x 2^} of partitions of r with the strong small- 
set-separating property, say with each It of the form Xt = {/°, //}. For /C, first let 

^' ■= {HceF Ll.\F\>l,Fe[2T-} 
and let /C be the set of sets of the form |Jj<n ^'i with n < u, K[ G K' . We write 
/C = {K^ : ^ < 2"^}, the indexing chosen so that each K ^ K. is listed infinitely often. 
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With these definitions, writing as usual D'^ := IJ,,<t 7 < conditions (1), 

(2), (3) and (4) of 12.41 are clearly satisfied. To verify (5), fix G /C and 7 < r; we show 
that int(£,7,r^B) {K n D'^) = 0. 

There are n < u and Fi e [2^]<'^ with \Fi\ > 1 such that K = Ui<n(nceF, ^c)- 
With F := |Ji<n ^ ■~ n^GF -^c have (since C U {V} is r- independent) for 

each 7] < T that \B fl D'^\ = r, so B (1 D'^ meets each set of the form = X{I^) with 
/f elt el. Thus BDD^ is dense in (D^, T^^), and from 5 n fsT = it then follows 
that int(j:)7,r2^c) (-^ ^ D^) = 0- Thus (5) is proved. 

Now with W = {Wt : t e F X 2^} defined (using X and /C) as in Definition O 
we set ^ := JT" U W, and iSgr- := : C < 2"^}. It is clear for distinct S,S' G S^r that 
5 n G /C' C /C. 

Each G JT, and each Wt G W, is a partition of r. Since has the strong 
small-set-separating property, and JT" C ^, also A has the strong small-set-separating 
property. Thus to prove (iii) and to complete the proof of (i) it suffices to show: For each 
triple {J,W,L), with 

J = n^^p, Jf-^'^ with Fo G [2^<-, /o G {0, 

= fl^g^^ with Fl G [F X 2"]<^, /i G {0, and 

^ = U<„ I^?, = n n.<. Ll with distinct C, < 2^ 
that |Jn W'nLl = r. 

To do that, take |Fi| = m, say Fi = {tj = {xj^^j) : j < m}, and note with 
^5. = U.<„,(nceF,, ^c) that contains the set C := L D 0^ : C e U.<„, i^.,}- 

Thus LnW D C nW = C n H, where = HteFi ^/'^*^- Since J U £ U {P} is r- 
independent, and each -ff G Ti^ C 7"^^ is the union of sets in P, the family J U TiVJ C 
is also r-independent. Now J is a Boolean combination of sets from J', H is a. Boolean 
combination of sets from Ti, and C is a Boolean combination of sets from C, so from 
JnWnLDJnWnC = JnHnC then follows \ J nW nL\ = t, as required. 

For (iv), let S, S' G Ser with S ^ S' and fix x G F. Then for each of the (infintely 
many) ^ < 2^^ such that SDS' = we have, taking t = (x, ^) : li x ^ Sf\S' then x G W} 
and ^ n ^' C with lyo, G C ^, while if x G 5 n ^' then (5 n S') n 1^^^ = {x} 
with PV/ G Wt C ^. Then to achieve (iv) in the form stated, it is enough to re-index A 
in the form ^ = {^^ : ^ < 2^} □ 

Theorem 3.8 Let r < k and let {X,T) be a crowded, r-resolvahle Tychonoff space such 
that S{X,T) < \X\ = A{X,T) = k. Then there is a Tychonoff expansion U of T such 
that 

(a) S{XM) = S{X,T) andA{X,U) = A(X,T); 

(b) {X,U) is T-resolvable; and 

(c) {X,U) is 2'^ -extraresolvahle. 

Proof. Let A and S^r be families given by Lemma [3171 Ignoring the indexing there, 
we choose Z C X with \Z\ = 1 and we write A = {At : t e Z x 2"^}, with each At = 
{A°t,Al}. Let JC = {K^ : ^ < 2^} with each = 0, and let V := {D^ : r/ < r,7 < r} 
be a partition of X witnessing the r-resolvability of {X, T). We show that the expansion 
U := T-^^ satisfies conditions (a), (b), and (c). 
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(a) That A(X,ZY) = A{X,T) is given by Corollary EU^c), while S{X,U) = 
S{X, T) is immediate from Lemma 12.71 (using the regularity of 5'(X, T) and the fact 
that = 2 < < < S{X, T) for each t e Z x 2^). Thus (a) holds. 

(b) As usual, Lemma [231 (c) shows that {D"^ : 7 < r} is a dense partition of {X,U). 

(c) It suffices to show that 

(i) if S G Ser then X{S) is dense in (X, W); and 

(ii) if S, S' are distinct elements of Ser then X{S fl 5") is closed and nowhere 
dense in {X,U). 

For (i), given ^ [/ e T and i/ = f]^^p i//^*^ with F e [Z x 2^]<^ and / G {0, 1}^, 

we must show X{S) n {U f] H) ^ ds. Set A = f]^^p A(^'\ so that H = X{A). Then 
A n S* 7^ (indeed \A n S\ = r hj Lemma ISTTT iii)) so there are r-many pairs (7,77) such 
that C X{A) n X{S). Each such meets U, so 

\x{S) n (iJ n f/)| = |x(5) n x(A) nu\ = T. 

For (ii), let p G X\X(S' fl S"), say p G -DJj!, and using Lemma I3.7( iv) choose 
t = (x,0 G Z X 2^ such that 7] G and S n S' C Then p G X{Al) = H} and 
X(S' n S') C X(A°) = so if^^ is a Z^-open neighborhood of p disjoint from X{S fl S'). 
Thus X{S n S') is closed in (X,W). 

Given ^ ^ U e T and i7 = HjgF ^/^*^ as in (a) set A := f]^^j, A(^^\ so that 
H = X{A), and note from Lemma [3.7( iii) that \A fl (S"\S')| = r. Then 

u n x(A) n x{S'\S) = unHn x{S'\S) ^ 0, 

so X{S'\S) = X{S')\X{S) is dense in {X,U)- A fortiori X\X{S) is dense in (X,W), so 
the closed set X(S) is nowhere dense in (X,W). □ 

Now we are ready to prove the case \X\ = A(X) of items (i = 4) and {i = 5) of 
the Abstract. 

Theorem 3.9 Let X = {X, T) be a crowded, maximally resolvable Tychonoff space with 
S(X,T) < \X\ = A{X,T) = K. Then there is a Tychonoff refinement U of T such that 

(a) S{XM) = S{X,T) and A{X,U) = A{X,T); 

(b) {X,U) is extraresolvable; and 

(c) {X^U) is not maximally resolvable. 

Proof. The topology U will be of the form U = T/cav- We first define the families 
/C, A and V. 

Let V = {Drj : ?7 < k} be a dense partition of {X, T) which witnesses the maximal 
resolvability of (X, T). (Note. To match the notation used throughout Section 2, more 
formally we take r = 1 = {0} and = -D° in Notation 12.1} then X{S) = IJrjes f*-*^ 
SCk.) 

Let ^ = {^^ : ^ < 2^} with = {A^, v4|} and Ser C V{k) as given in Lemma 13. 7[ 
and re- index A in the form A = {At : t E X x 2'^}. We partition the set 2'^ in the form 
2'^ = To UTi with |To| = |Ti| = 2*^. We assume without loss of generality that the families 
{At : t E X X Ti} and S^r satisfy conditions (i) through (iv) of Lemma [3.71 

The definition of the family /C parallels the construction in Definition 12.91 but with 
modifications. Specifically: ^ ^ 

Let M = {M^ : ^ < 2"} = V{X) with Mq = and define M = {Mg : ^ < 2'^} as 

follows. 
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Mo = 0; and_^ 

if < ^ < 2"^ and has been defined for all ?7 < ^ then 
= if each set of the form 

(M^ U M^o U U ■ ■ ■ U mJ;^) n X{S) {n<uj,r]i<^, S e Ser) 
has nonempty interior in the space (X(S'),T"^^) 
= otherwise. 

Then with To,Ti C 2*^ as above, we write /C = /Co U /Ci with JCi = {K^ : G Tj}; 
we arrange that {K^ : G To} is a faithful indexing of Ai, and K^ = ^ for each ^ eTi. 
We claim that the topology U = Ticav is as required. 

We verify conditions (a), (b) and (c). Indeed as to (c) we will show that {X,U) is 
not even S{X, T)-resolvable. 

(a) From Corollary 12.61 and Lemma [2.71 we have 



«: = A{X, T) = A(X, r^Av) = A{X,U) and ^ = S{X, T) = S{X, Tjcav) = S{X,U). 

(b) It is enough to show that 

(i) if S" G Ser then X{S) is dense in {X,U); and 

(ii) if S and 5" are distinct elements of Ser, then X{S) fl X{S') is (closed and) 
nowhere dense in {X,L(). 

For (i), we must show that if ^ f/ G T and W = HtgF H{^^\Kt G T/cav with 
F G [Xx2«]<'^ and / G {0,1}^, then X{S)n{U OW) ^ 0. For that, set A := f]^^^ A{^'\ 
so that H := f]^^p i//^*^ = X{A) and W = X{A)\K with fsT = [j{Kt : t e F}. 
Since int(x(5),r-4i^)(/'S: n X{S)) = 0, the set X{S)\K is dense in {X{S),r^^). From 
Lemma [fi^iii) we have A n 5 ^ 0, so X(A) n f/ n X(5) = X{A n 5) n f/ ^ 0. Since 
^ X{A)nU G T^^ and K is closed and discrete in W, we have (X(5)\fs:)nX(A)nf/ ^ 
and therefore X{S) (IW (lU 7^ 0, as required. 

Before verifying (ii), we show this for later use. 

each set Ur^eG with G G [k]^'^ is in /C. (1) 
If that fails, there are U G T, Ji G /C, S* G Ser, and H G T-^-^ such that 

unHn x{S) c [(U,gG ^r,) u n x(^). 

Here if = X(y4) with A = [j^^p A{^''\ Since {At : t G X x Ti} has the strong small-set- 
separating property, for each 77 G G there are infinitely many indices such that {Av^ G A 
and) separates {77} and 0. For each 77 G G we choose such Vn such that Vn ^ -F, so 
that A n n,,6G ^ 0- We set i/' := fl^ec ^(^i,)' so that (D^UnHnH'e T-^^. 
Then 

[(Ugg ^'y) u K] n x(5) 3 f/ n n x(5) DUnHnH'n x{S) 0. 

Here U n H D H' D X{S) (/} because X{S) is dense in U (see (b)(i)) and H' differs from 
certain VT' eU hj a W-closed, Z//-discrete set K E )C. 

Since (H^gG ^ (fl^gF ^r,) = 0, we then have 

K n x(5) ^unHnH'n x{S) ^ 0, 

contradicting the condition K E JC. Thus (1) is shown. 

Now for (ii), let x G X\X{S fl S"), say with x G -D^, and using Lemma IXTT iv) (a) 
choose M G X X Ti such that r] e A^ and S n S' C A^. Then x G X{Al) = = and 
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X{S) n X{S') C X{Al) = Hl = (since Kg = for ^ e Ti in Definition E^D, so 1^° is 
a neighborhood in {X,IA) of x which is disjoint from X(S'n S"). Thus X(S'n S") is closed 
in 

To see that the closed set X{S fl S') is nowhere dense in {X,U), suppose (taking 
notation as above) that there are nonempty U E T and W = X{A)\K e h( with A = 
HteiT A(^'^ such that U nW C X{S n y). Fix t] e S f] S' and use Lemma EZKiv) (b) to 
findw e XxTi such that m ^ F and {SnS')nAi = {r]}. Then X (Al) n X {S n S') = Dr„ 
and the condition u ^ F implies 7^ ^{A) fl X{AD G T-^^, which further implies 
^ [/ n n X{Al) e W. Hence ?7 n n X{Al) CUnW C X{S n 5') and from (1) we 
have 

(D^unwn x{Al) c x{Al) n x{S n 5') c u /i e IC. 

But from Lemma [2.51 the space U K is closed and discrete in (X, W), a contradiction. 
The proof of (b) is complete. 

(c) Here we show more, namely that {X, U) is not even S{X, T)-resolvable. Arguing 
much as in Theorem 12.11( b). we first show this: 

if ^ < 2^= and int(x{s),w)(Mg n X{S)) = for all S E S^r, then M^: = e JC. (2) 
For that, we must show for fixed S G Ser and fixed K E K, that 

int(x(5),r-^i')[(^C U K) n X{S)] = 0. 

To see that, let f/ G T and TV = HtgF w/^''^ G U. Since X{S) \ is dense 
in {X{S),U) andfD^UnW eU,we have that Y := {X{S)\M^) n{UnW) is dense in 
{X{S) n{Un W),U). Thus Y is crowded, so since W differs from i7 := HtgF ^/^*^ ^ 
T-^^ by a set K' e }C we have from Lemma ICTl that F\(J'i:' U K) remains dense in 
{X{S) n{UnW),U), hence dense in {X{S) n{UnH), T-^^). Thus 

int(x(5),r^^)[(M5 U i^) n X{S)] = 0, 
as required, and (2) is proved. 

To complete the proof of (c) we argue by contradiction, supposing that {E^^ : r] < 
S{X,T)} is a pairwise disjoint family of dense subsets of {X,U). For each rj < S{X,T) 
there is Sjj G Ser such that int(x(5^),w)(-E»; H X(S'^)) 7^ 0, so there are nonempty Ur^ E T 
and PV^ = X{Ar,)\Kr, G W with Ar, = fltgF, ^f"^*^ such that 

^^UrfDW^n X{Sr^) CEr^n X{Sr^). 

For notational simplicity set Vr, := Ur, H Wrj fl X^S^^) for 77 < S{X, T). Then 

{K; : V < S{X, T} is a pairwise disjoint family, (3) 
since ^ -E'?? and {E^i : r/ < S{X,T} is pairwise disjoint. 

Now recall, using the notation J', W, Ht, C, V, J, W, H, K, F and L as in (the 
proof of) Lemma [3171 that each of the present sets 5*,, is of the form L° G G £ for some 
( < 2'^, and is a Boolean combination of sets from J' U W, say A^^ = J (IW where 
J, W are as in the proof of Lemma 13.71 Write W = H \ K with H as in Lemma 13.71 and 
with K of the form K = [Ji^nidceF with 1 < \Fi\ < uj. For each i < n choose Q G Fi 
such that Ll ^ 5^. Then L := H-^^ Lj^ satisfies LnK = and L n 7^ 0. 

Since U £ U {X'} is an independent family and the elements of each partition in 
Ti. are unions of some dense sets in V, the family J'UTiUC is also an independent family. 
Since J is a Boolean combination of sets from J', H is a. Boolean combination of sets from 
H, and L fl 5*^ is a Boolean combination of sets from C, we have JniJnLnS',,7^0. 
Since W = H \ K and L n K = 0, we have HnLCW and 
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%T^JnHnLnSr, = Jn{HnL)nSr^(zjnwnS^ = A^nSr^. 

This argument shows that for each r] < S{X, T) there is a Boolean combination 
A''^ of sets from the independent family J UTiU of the form A^^ = PnifnLn S*,,, 
such that 

7^ iV, C Ar, n S^. (4) 
For simplicity write B := J VM-LU C = {Bt : t G T} with |T| = 2*^ and write each A^^ 
in the form A^^ = flfg^^ ^t"^*^ with e [T]<^, G {0, 1}^". Since 5(X,r) is a regular 
cardinal there are, by the Erdos-Rado theorem on quasi-disjoint sets [H], [12] (the "A- 
system Lemma" [21]) a (finite) set F and Q C ^(X, T) with |(5| = S{X,T) such that 
n Fy^i = F whenever Tj^rj' & Q^rj ^ rj' . We assume without loss of generality that F 7^ 
and that ?^(t) = ir^'it) G {0, 1} for all rj^rj' E Q, t ^ F. Then 

7^ n iv^/ c (A^ n Sr,) n (A^/ n Sr,') 

for distinct 77, r/' G 

Since 7^ f/,? G ^ for each r] E Q, there are distinct 770, J]! G Q (henceforth fixed) 
such that f/^o n f/^, 7^ 0. 

Now i ^ Urj^n X{ArjJ G T-^^, and X(S'^J is dense in (X,W), and K^^ is closed 
and nowhere dense in {X,U), so from f/^^ fl f/^j 7^ follows 

[u,,nxiAjnxisj\Kj n nx(A,j nx(5,J\i^,J ^ 0, 

that is: 

v;,„ n v^, = [Ur,, n w^, n x^j n [f/^, n w^, n x,,j 7^ 0, 

which contradicts (3). □ 

Theorem 3.10 Let X = {X,T) be a crowded, maximally resolvable Tychonoff space with 
S{X,T) < \X\ = A{X,T) = K. Then there is a Tychonoff refinement U of T such that 

(a) S{X,U) = S{X,T) and A{XM) = A(A:,T); 

(b) {X,U) is maximally resolvable; 

(c) {X,U) is extraresolvable; and 

(d) {X,U) is not strongly extraresolvable. 

Proof. We expand in three steps with (modified) /CXD-like expansions T C T' C 
T" C U. Here are the details. 

Step 1. Let T>i = {D'^ : 77 < k, 7 < k} be a partition of X into T-dense subsets, let 
Xi = {If : if: G X X 2**} be a ^-independent family of partitions of X with the strong small- 
set-separating property with each < S{X,T), and let /Ci := {K^ : ^ < 2'*} = [X]^'^ 
(with repetitions permitted in the indexing of /Ci). Clearly conditions (1), (2), (3) and (4) 
of 12.41 are satisfied (with Z = X). To see that (5) also is satisfied, fix nonempty U E T 

and H = X{I) with F G [X x 2^<'^, / G UteF t^u and / := HteF ^/^*^- We have |/| = 
so if n D D'}^ for K-many rj < k, each dense in (X, T), so \D (1 U (1 H\ = n. Thus 
D'^ U D H C n is impossible, so (5) holds. It follows that T' := TjCj^j^Vi has the 
properties given in Lemma [2751 in particular each G /Ci = [X]^'' is closed and discrete 
in (X, T'), hence nowhere dense, so nwd(X, T') = n. 

Step 2. Apply Theorem 13.61 (to the space (X, T')) to find an expansion T" 3 T' 
(with T" of the form T" = T^^^) such that ^(X, T") = ^(X, T'), A(X, T") = A(X, T'), 
and (X, T") is maximally resolvable but not extraresolvable. 
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Step 3. By Theorem 13.81 with r = n and with T" replacing T there, there is an 
expansion lA 3 T" (with lA of the form T"-^^) such that 

S{XM) = S{X,T") = S{X,r) and A(X,W) = A(X,r") = A{X,T) 
and such that {X, lA) is maximally resolvable and 2''-extraresolvable. Furthermore each set 
K G [X]"^"^ is closed and discrete in (X, T'), hence in [X,T"), so nwd(X, T") = k. Thus 
any family S (with \S\ > A{X,U) = A{X,T')) witnessing the strong extraresolvability 
of {X,U) would witness the strong extraresolvability of {X,T"), contrary to the fact that 
{X, T") is not (even) extraresolvable. □ 

4 The General Case 

The five principal results proved in Section 3 require, in addition to the essential overarch- 
ing hypothesis S{X,T) < A{X,T), also the artificial condition |X| = A{X,T). Since for 
each of those five results it is essentially the same argument which allows us to pass from 
the special case (|X| = A{X,T)) to the unrestricted case {\X\ is arbitrary), we corral all 
five of the general results into one extended statement. Theorem 14.21 then, duplicates the 
essentials of our Abstract. 

Lemma 4.1 Let {X,T) be a crowded Tychonoff space. For ^ U & T there is V E T 
such that K := c\x,r) V satisfies V C K C U and A{U) = A{K) = \K\. 

Proof. Choose W e T such that W ^ U and \W\ = A{U), and choose V e T so 
that 1/ 7^ and \/ C i^- := c1(x,t) V CW.D 

Theorem 4.2 Let {X,T) be a crowded, maximally resolvable Tychonoff space such that 
S{X,T) < A{X,T) = K. Then there are Tychonoff expansions Ui (l<i<5)ofT, with 
A{XMi) = A{X,T) and S{XMi) < A{X,Ui), such that {XMi) ^s: 
{i = 1) uj-resolvable but not maximally resolvable; 

{i = 2) [if K,' is regular, with S{X, T) < n' < n] r-resolvable for all r < n' , but not 
n' -resolvable; 

{i = 3) maximally resolvable, but not extraresolvable; 
{i = 4) extraresolvable, but not maximally resolvable; 

{i = 5) maximally resolvable and extraresolvable, but not strongly extraresolvable. 

Proof. (Recall our frequently used convention that when {X, T) is a space and 
y C X, the symbol (5^, T) denotes the set Y with the topology inherited from (X, T).) 
Using Lemma [4. II (with U = X), choose a regular-closed set X' C X such that 

5(x',r) < 5(x,r) < A(x,r) = A(x',r) = \x'\ = k. 

The definition of the topologies lAi for z = 1, 2, 3, and the verification that they are 
as required, will be straightforward. We discuss these first, leaving the cases [i = 4, 5) for 
treatment later in the proof. 

The space (X', T) satisfies the hypotheses of Theorems 13.11 13.31 13.61 so there are 
Tychonoff expansions U- {i = 1,2,3) of T on X' satisfying their respective conclusions. 
Let Ui {i = 1, 2, 3) be the topology on X for which {X',U-) and (X\X', T) are open-and- 
closed subspaces of {X,Ui). It is easily seen that {X,Ui) is a Tychonoff space. Further we 

20 



have T C Ui, since ii U E T then f/ fl X' is open in (X', T), hence in {X',Ul), hence in 

{X',Ui), and U n iX\X') is open in {X\X',r) = {X\X'Mi)- 

For z = 1,2,3 we have, using A(X',W/) = A(X',r) < A(X\X',r), that 
A{X,Ui) = min{A(X',Wi), A(X\X',Wi)} = A(X',T) = A(X,T) = k. 
Further for z = 1,3 we have, using S{X',U-) = S{X',T), that 

s{XM) = s{x'm;) + s{x\x'Ui) = s{x',T) + s{x\x',t) = s{x,r), 

while for i = 2 we have 

SiXM2) = S{X'M2) + S{X\X'M2) = k' + S{X\X'M2) = K' + S{X\X\r) = k'. 

We verify the required (non-) resolvabihty properties of the spaces {X,Ui) for 
i = 1,2,3. 

In each case, {X.lAi) is the union of two disjoint open-and-closed subspaces, namely 
{X',Ui) and {X\X' ,Ui) = {X\X' ,T). When i = 1, these are both cu-resolvable; when 
i = 2, both are r-resolvable for each r < k'; when i = 3, both are K-resolvable. Thus 
{X,Ui) is cj-resolvable; (X, is r-resolvable for all r < n'; and {X,Us) is K-resolvable 
(i.e., is maximally resolvable). 

Since {X',L{[) = {X',Ui) is open in {X,Ui) and is not A(X, T)-resolvable, surely 
{X,Ui) is not A(X, T)-resolvable, i.e., is not A(X', Wi)-resolvable. 

The space (X, W2) is not /t'-resolvable, since its open subspace {X',U2) = {X',U2) 
is not ^'-resolvable. 

The space (XjU^) is not extraresolvable, since its open subspace {X',U^) = (X', W3) 
is not extraresolvable (and satisfies A{X',U^) = A{X,U3)). 
We turn to the cases {i = 4, 5). 

Let V C T be chosen maximal with respect to the properties 

{c\x,T) : G V} is pairwise disjoint, and 

1^1 = \c\x,T) V\ = A{V) for each V eV. 
We write V = {Vfl:/3<a} and X^ := cl(x,r) Vf3, the indexing chosen with Vq and 
X^ = X' as in the first part of this proof: |X^| = A(X^, T) = A(X, T). 

The space (Xq,T) satisfies 

^(x^,r) < s{x,r) < A(x,r) = A(x^,r) = |Xo| = «, 

so by Theorems 13.91 and 13.101 there are Tychonoff refinements 4 and Wq 5 of (Xq, T), 
with 

SiXM^,) = S{XM^,) = SiX^T) and 

AiX^A) = A(^o,^o,5) = A(^o>^) = ^, 
such that 

(Xq,Wq4) is extraresolvable, but not maximally resolvable; and 
{X'q,Uq^) is maximally resolvable and extraresolvable, but not strongly extrare- 
solvable. 

For < /3 < a the spaces (X^,T) satisfy 

six'p,T) < s{x,r) <K = A(x,T) < A(x^,r) = ix;,!. 

By Theorem 13.81 taking r = := |X^| there, there are for < /5 < a Tychonoff 
expansions U'^ of (X^,T) such that 

S{X'f,M'p) = S{X'f,,T) and A(X^,W^) = A(X^,r), 
and {X'p,U'i^) is K/j-resolvable and 2^^* -extraresolvable. Then since k < Kp, the space 
(X^,W^) is K-resolvable and 2'*-extraresolvable. 

Now for {i = 4, 5) we define Ui to be the smallest topology on X such that 
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(1) r cw„ 

(2) {Xq^U'q^) is open-and-closed in {X,Ui), and 

(3) each space {X'p.lA'p) (with < /3 < a) is open-and-closed in {X,L(i). 

To see that {X,Ui) is a Tychonoff space, it is enough to note that if x G IJ/3<a 
say X G X^, then is an open Tychonoff neighborhood of x in {X,Ui)\ while if a: ^ 
U/3<o then the T-open neighborhoods of x remain basic at x in {X,l/(i) (so if x G f/ G 
then there is a Wj-continuous (even, T-continuous) real-valued function / on X such 
that /(x) = and / = 1 on X\U). 

For P < a we have 

A(X^,W.) = A(X^,W;,) = A(X^,T) > A(X;T), 
so A(X,W,) = min^<„ A{X'^Mi) = A(X^,T) = A(X,T) = k. 

We verify for {i = 4,5) that S{XMi) < A{X,Ui)- For a cellular family W C 
and /3 < a let >V(/3) := {1^ n X^j : TV G W, 1^ n X^ 7^ 0}. Then W{(3) is a cellular 
family by Lemma WA\ The set IJ/3<a dense in (X, T), so W = IJ/3<a ^(Z^); so 

|>V| < S^<„|>V(/3)| with each 

\Wm < S{X'pM'p) = S{X'p,T) < S{X,T). 
Since a < S{X,T) and S{X,T) is regular, we have \W\ < S{X,T). It follows that 

S{XM) < S{X,T) < A(X,r) = A(X,W,). 

It remains to verify that the spaces (X, W4) and (X, W5) have the required (non-) 
resolvability properties. 

Each space (X^,W4) is open in (X, W4), with IJ/3<q -^'/s dense in (X, Each space 
(X^,W4) is extraresolvable (by Theorem 13.9( b) for /3 = 0, by Theorem 13.81 for < /? < a), 
so for each P < a there is a family = {Efs{ri) : 77 < of dense subsets of {X'p,Ui) 
such that Ep{ri) fl Ep{ri') is nowhere dense in {X'p^U^ whenever rj < rj' < k,~^. Then 
with -^(r/) := IJ/3<a ^isiv)^ the family {-E'(?7) : ?7 < k"*"} witnesses the extraresolvability of 
(X, W4). The space (X, W4) is not maximally resolvable (i.e., is not K-resolvable) , however, 
since its open subspace (Xq,Z/^4) = (Xq,W4o) is not K-resolvable. 

The space |J/3<q is open and dense in (X, Z/^5), with each [X'p^lA^) open and 
K-resolvable and 2''-extraresolvable, so (X, W5) is K-resolvable (i.e., maximally resolvable) 
and extraresolvable. Each set K G [Xq]^'' is closed and discrete in (Xq,Wo,5) = {X'^M^j^ 
so nwd(XQ,W5) = K. Thus any family of sets dense in {X,IA^) witnessing the strong 
extraresolvability of (X, W5) would trace on {Xq^U^) to a family witnessing strong ex- 
traresolvability there. □ 

5 Some Questions 

Both our result cited from [8] in Remark 13.4( b) (where 5'(X) > |X|) and its sequel in 
Theorem 13.3( b) (where 5'(X) < |X|) show that in some cases cu-resolvability suffices to 
guarantee r-resolvability for many larger r. Our methods appear insufficiently delicate, 
however, to respond to the following question. 

Question 5.1 Let (X, T) be an cu-resolvable Tychonoff space such that S{X,T) < 
A(X,T). Must (X,r) be r-resolvable for every r < 5(X,r)? 
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Question 5.2 Let X = {X,T) be a dense, u;-resolvable subspace of the space (/^(k))^" 
such that |X| = A(X) = k. [Then S{X) = k"*", and X is K-resolvable, i.e., maximally 
resolvable, according to our result [8] (4.2).] Does X admit a Tychonoff refinement U 
(necessarily with S{X,U) = k"*") such that A{X,U) = A{X, T), and {X,U) is dj-resolvable 
but not maximally resolvable? Always? Sometimes? Never? 

Remarks 5.3 (a) Theorem 13.11 sheds no light on Question 15.21 since the hypothesis 
S{X,T) < A(X,r) is lacking. 

(b) The expansion W of T requested in Question 15. 2[ if it exists, cannot be of the 
kind constructed in this paper. More specifically: There can be no family W C V{X) 
such that (i) |f/ H = k for each W E W and (J) ^ U E T, (ii) U is the smallest 
topology on X containing T and W, and (c) each W E W is W-clopen. For according to 
the argument outlined in Discussion II. 5[ a space {X, U) arising in that way will embed 
as a dense subspace of {D{k))^ (with |J| = w{X,U)), hence if cj-resolvable is necessarily 
K-resolvable. 

(c) Many additional questions relating to (ir)resolvability, together with extensive 
bibliographic citations, are recorded in the "Problems" article of Pavlov [30j . 

Remark 5.4 The reader will have no difficulty using the methods of this paper to estab- 
lish the following result: 

(*) Let {X, T) he a crowded, maximally resolvable Tychonoff space with S{X, T) 
< A(X, T) = n. Then for (fixed) n < uj there is a Tychonoff expansion UofT such that 
{X,U) is n-resolvable but not {n + 1) -resolvable. 

(Indeed, reducing as in Theorem 14.21 to the case \X\ = A{X,T), it is enough to 
begin with a dense partition {D'^ : k < n^rj < n] oi {X,T), a strong small-set-separating 
K-independent family X = {Xf : t E X x 2"} of n with each Xt = and with the 

family /C = {K^ : ^ < 2'*} defined as in Theorem 12.111 Then the relation X = |J^^„ 
with := |Jr?<K expresses {X,U) with U := Tj^jv as the union of n-many disjoint 
dense sets, each hereditarily irresolvable by Lemma [2.11( c). A space (XjU) with such a 
partition cannot be {n + l)-resolvable [23], [TO] . 

We omit the details here of a proof of statement (*) because a stronger Theorem 
is available, as follows. 

(**) For every < n < lv, every n-resolvable Tychonoff space {X, T) admits a 
Tychonoff expansion U such that {X,U) is n-resolvable but not (n -|- l)-resolvable. 

We will prove (**) in a manuscript now in preparation [9], [10]. We remark en 
passant that ad hoc constructions of Tychonoff spaces which for fixed n < u are n- 
resolvable but not (n + l)-resolvable have been available for some time [13]; see also [15j . 
|19] . [2] and [TS] for other examples, not all Tychonoff. 
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